we obtain by differentiation with respect to each of the n-\-r variables n + r equations, together with the original equation 1 equations, from which, eliminating the r + 1 constants, we have a system of n non linear partial differential equations.
ith r-j-1 constants, giving rise, as above, to the given system of n equa tions, then this is the " complete primitive " of the given system.
Starting with such a system of partial differential equations, it is in the present paper proposed to determine the conditions which must be satisfied in order that the system may admit of a complete primitive, and also to examine what kind of solution, if any, exists when the conditions above referred to are not satisfied.
The late Professor Boole has given an elegant method of treating a system of linear partial differential equations of the first order: but I am not aware that any one has considered the case of a non-linear system. Let us begin with the case in which the dependent variable z is not explicitly involved in the proposed system, which can therefore be pre sented in the form^a
where j>2= --, &c. ..., the number of equations being n, and d x ' 12 d x l the number of independent variables being n-\-r. It is assumed that fit / 2, . considered as functions of xv x2, . ..x n+r, . . . p n+r, are mutually independent; if f v / 2, .. ./" were not mutually independent, then, provided the given system were a consistent one, we could replace it by a new system containing a less number of equations. Now the existence of a solution involves the supposition that values of Px ,p 2, .. • Pn+r can be found which will satisfy the equations (i) and at * See Proc. Roy. Soc. vol. xxiii. p. 510. ar are any r arbitrary constants, will render the sion (ii) a perfect differential, and the value of z found by integration viz.
Z= <p(p'ii *^2' • ' * n +® j> ®2' * b being a new arbitrary constant, will satisfy the given system (i), and wil be a complete primitive in the sense above defined. Now the determination o f /w +i, / m+2, . . . f n+r under the above condi tions is a part of the problem considered in Boole's ' Differential Equations,' Supplementary volume, p. 115: the determination is there showi to be possible, and a method is given for effecting it. Hence we see tha when the \n(n-1) conditions [fi,fj]= 0 are satisfied, the proposed systen has a complete primitive.
When the given system is a linear one, these conditions are identica with those used by Boole, p. 81.
Next suppose that the condition [/» ,$ ]= 0 is not satisfied for ever pair of the functions f v / 2, .. . f n. Let the expressions of the form which are not zero be denoted by <pv 02, 03, ...; then it is plain that n( relation can be found which will satisfy the proposed system (i) withou' at the same satisfying the system of equations 0i=O, 02=O, 0g=O,...; hence the required solution must be sought for as the most general solu tion of the system ,/i= 0j / 2= 0 , . . ./» = 0 , 0J-0, 02=0, 03=O, ... ;
* Adopting the notation of Boole, Donkin, and others, the symbol [ fi, fj] is used a an abbreviation for the expression s Jtifi \d x k dpk dpk dxk / ' the summation extending from &=1 to Jc=n+r inclusive.
if this system is inconsistent no solution exists; if it be consistent, and the functions III. If s be less than r, we have a system similar to the original one, only containing s more equations.
We may therefore apply the above process to this system, and so either demonstrate the non-existence of a solution, or find a complete primitive of the form 2-<fy(oc^ x2l .
that is, an integral of the form (vi), or fall upon a new system analogous to the given system (i), only containing more equations than either of the previous systems. By continually repeating this process, it is seen that we must either arrive at a solution or prove that a solution does not exist.
We have now to consider the case in which the dependent variable z is explicity involved in the proposed system, which is therefore present able in the form Hence, determining jq, . . . p n+ri and substituting in the proposed system (vii), we get a system of n equations of which the type is
Hence 0 considered as a function of the n + r+ l independent variable; zv x, x2, . ..x n+r must satisfy a system of n partial differential equation of the first order; and in this system the dependent variable does no appear explicitly. If, then, there be any value of 0 which satisfies th< system, it can be found by the method given above; and provided it in volve z in its expression, the value of z found from the equation <p={ will be a solution of the original system. If z does not occur in the ex pression for 0, then the proposed system can have no solution.
Suppose the system of equations of which (ix) And it is to be observed that this value appears to contain one more thar the number of arbitrary constants indicated by the theory of the genesis of the system (vii) as the proper number. But from the fact that (x' satisfies the system (vii) of n equations, it follows that the constants civ «2, ... ar+ 2 nmst be virtually equivalent to r + 1 constants only. An stance of this occurs in the first example given below.
The results of the preceding inquiry may be collected into the follow ing rules.
Given a system of nn on-linear partial differential equa order in n-\-r independent variables, and in which the dependent var does not explicitly appear, to find the nature of the possible solution.
Rule. Let the equations by algebraical reduction be brought to the form /i -jPi"' t"Ei(£q, . ■.
• 
